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Abstract—The laminar natural convection flow along a corner of an arbitrary angle formed by two vertical
flat plates with uniform surface heat flux is considered. For large modified Grashof numbers, the leading
order corner layer equations and appropriate boundary conditions are formulated in an oblique coordinate
system using the method of matched asymptotic expansions. The analysis is valid mathematically for any
corner angle, 0° < a, < 360°. The velocity and temperature distributions for Prandtl numbers 0.733 (air)
and 6.7 (water) are obtained using the ADI-type finite difference technique for corner angles ranging from
90“ to 270". The general features of the solutions are similar to those with isothermal wall conditions except
for the temperature profiles in the vicinity of the corner.

1. INTRODUCTION

As A FUNDAMENTAL problem of three-dimensional
boundary layer flows, the high Reynolds number flow
along a corner formed by two quarter-infinite flat
plates with co-planar leading edges has been analyzed
by several authors [1-6] since the work by Carrier [1].
On the other hand, the heat transfer characteristics of
three-dimensional corner flows have been studied only
recently : the natural convection near a concave ver-
tical corner submerged in a saturated porous medium
[7], the forced convective heat transfer in the flow
along a corner of an arbitrary angle [8], the natural
convection near a vertical rectangular corner with
uniform surface temperature [9] or uniform surface
heat flux [10], and the natural convection near an
isothermal vertical corner of an arbitrary angle [11].

In the present paper, as a generalization of the
earlier work [10], the laminar free convection near a
vertical corner of an arbitrary angle with uniform
surface heat flux is considered. For large modified
Grashof numbers, the corner layer equations and the
appropriate boundary conditions are derived by a
method (based on the method of matched asymp-
totic expansions) similar to that used in refs. [6, 11].
For the numerical solution, an alternative direction
implicit (ADI) scheme is employed, and results for
corners of angles ranging from 90° to 270° are pre-
sented for Prandtl numbers of 0.733 (air) and 6.7
(water).

2. CORNER LAYER EQUATIONS

We consider the laminar natural convection bound-
ary layer flow near a corner formed by the intersection
of two vertical quarter-infinite planes with uniform
surface heat flux. The problem is formulated in an

oblique coordinate system {.x,, ¥, Z¢), Where the x,-
axis is vertically upward and the origin at the leading
edge. Both y¢- and z,-axes are perpendicular to the
xg-axis and lie, respectively, in the symmetry plane
and in one of the joining quarter-infinite plates (Fig.
1). The coordinates are simply related to the Cartesian
coordinate system (x, y, z) by

(xg. V0. 20) = (x,y—ztana, z/cosa). )

Considering the following symmetry properties along
the corner bisector ( y,-axis), it is sufficient to analyze
the flow in the half region z, = 0

u*(x,y,z) = u*(x,y, —2)
v*(x,y,2) = v¥(x,p, —2)
w*(x,p,2) = —w¥(x,y, —2)
T(x,y.z) = T(x,p, —2). (2)

Employing the Boussinesq approximation and
neglecting the viscous dissipation, the governing equa-
tions in the oblique coordinate system are

Jut Ovt Ow}

— =0 3
dx, Oy, 0z¢ (32)
Dut  1opt i
== - . £ VR4 gB(T—T,) (3b)
0
D 1 dp% .
E(v}‘,‘+w}‘,‘ sina) = — p 6—;2 +yV*¥2(p¥ 4 wisina)
0
(3¢)
D 1 dp} ” .
ﬁ(w’5+v?,‘ sing) = — p ;0 +vV* (wi+v¥sina)
Zo
(3d)
DT
E = KV*ZT (36)
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NOMENCLATURE
a = 0.2, grid spacing parameter U.  convective velocity, (v/x,)(Gr*/5)%°
Gr*  local modified Grashof number, Xg, Yo» Zo Oblique coordinate system defined
gBq.xslkv? in Fig. 1
K thermal conductivity of fluid x, y, z Cartesian coordinate system.
N, S transformed independent variables
Nu  local Nusselt number Greek symbols
Py pressure in x,, y,, 2, coordinate system o = (n—a)
p pressure in ¢, , { coordinate system o corner angle
Pr Prandtl number, v/x Ji thermal expansion coefficient
g,  surface heat flux Y = lim, ... [—4/(n)]
r magnitude of crossflow velocity, 0 dimensionless temperature
(Gr*/5)"3(@*? +w*3) 12U, K thermal diffusivity
T temperature i dynamic viscosity
T, ambient temperature v kinematic viscosity, p/p
AT  temperature difference, T,— T .. &, n, { scaled independent variables
u}, v¥, wt velocity components in x,, yo, Zg P density of fluid
directions Tw wall shear stress
u*, v*, w* velocity componentsin x, y, z Twy  Wall shear stress as { — oo
directions ¢, ¢ velocity potentials defined in equation (6)
u, v, w velocity components in &, n, { Q modified vorticity function defined in
directions equation (6).
x, & where
D P
=gk gt
Dt~ “0ox, 1105 83z,
, @02 1 é* d* iR
V= :+—-< 3 7sma—ﬂ—+—,>.
o Oxi  costa\dy; 0vedz, 0z
In order to obtain the leading order corner layer
equations, we introduce the following corner layer
; variables [10] :
[u(n,0),v(n,0), w(n, O]
ug Gre\'"* wi (Gr¥\*
U’ U 5 ) U \US
¥,1 3
wo =25 ()"
n, = 3\ <
p(n SUI\S
. Gr* 1;5
0(n,0) = ( )
¥, : #\1/§ - x\1/S
Yo Gr <0 Gr
— (= = — | — N =—\| — 4
¢ =const. " x0<5> ¢ x0<5> 4
-— 1 =const,
7 where Gr* and U, denote, respectively, the modified
¢ Grashof number and the convective velocity
* = gBg.xo/kv?
Gr¥\¥?
% U. = (v/x) (T) .
a

F1G. 1. Definition sketch.

Under the assumption that the modified Grashof
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number Gr* is sufficiently large, we obtain the fol-
lowing corner layer equations, by substituting equa-
tions (4) into equations (3) and retaining the leading
order terms in each equation

1
= 2 Oy +Lu; =3u) + v, +w; = 0

5 (5a)
- g(nu,, +Cu; —3u) +vu, +wi; = Vu+50 (5b)
u .
— 5()1L_’,,+Cl_’;+17)+Uﬁ,,+\|'17; = —p,+V°0 (5¢)
- g (o, + 00+ +oib, 4w, = —p.+ V3% (5d)
u I -,
——g(r]0,,+§0;—())-f—vO,,+w0c =EV 0 (5e)

where
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U= rv4+wsina, w=w+rsina

VI

1l

1 é? ” e é? N I3}

ol s —2smna— 4+ — ).
cos o \dn* ame; - o’
Eliminating the pressure term in equations (5¢) and

(5d) by cross differentiation and introducing *the vel-
ocity potentials’ ¢ and ¢ and ‘the modified vorticity’

<r;u "—U> cosa, d/ = <‘=5u - H') Cos o,

1
“cos’a

b=

Q [(l/,q_¢;)+(¢q_l//{)5in a) (6)

we have following Poisson-type equations for the flow
in the corner layer:

e Kim & Kim(10)

a, =270°

(a)

0

1
1.5 3 4.5 6
{/cosa

7.5

F1G. 2. Streamwise isovels for «. = 90° and 270°: (a) Pr = 0.733; (b) Pr = 6.7.
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o Kim & Kim(10)

ac=90°

(b)

4.5 6 7.5
{/cosa

F1G. 2—Continued.

Viu+ du, +pu— Icosau’ + 50 cosa = 0
VQ+¢Q, + Q. +u[Qcosa
+45 (1 {sinau, — 5 ((+nsina)u]

+{{+nsina)0, — (4 +{sina)0, =0

Gy — @y SN+ sina
+Q cos’a—u,cos0 =0

Wy — W Sina+1fr +d,, sina
—Q,cos’a—u;coso =0

1 _, cosa
E’V 0+¢9,,+w0;———5—u9—0 (7)

] 2 62 az
Vie— (2 —2sina—— + - ).
cosa (6r]2 sma ool + 3{2)

It is observed that the corner layer equations (7) are
similar to those for the isothermal case [11].

3. BOUNDARY CONDITIONS

Since the corner layer equations are elliptic, the
boundary conditions must be specified on the entire
boundaries,i.e. # =0,{ =0,y — o0 and { — 0.

3.1. Conditions on the wall, n =0
On the wall, no-slip and uniform heat flux con-
ditions are to be satisfied

1

u — 3
cos"a

¢p=y=0 Q= v,

8, = —cosa. &)

3.2. Conditions on the symmetry plane, { =‘0
By noting symmetry properties (2), the conditions
on the symmetry plane are given as
u;—u,sina =0, Q=y =0,

¢~ (b, —¥)sine =0, 6,—0,sina=0. (9)
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o Kim & Kim{(10)

e Kim & Kim{10)

75

Fi1G. 3. Streamwise vélocity profiles in the symmetry plane
for various corner angles: (a) Pr = 0.733; (b) Pr =6.7.

3.3. Conditions as n - o

As n — o0, the corner layer approaches the inner
edge of the outer inviscid isothermal region. In the
same manner as in ref. [11], the conditions as n - o
are shown to be

u~0, Q~0, y~0, 6~0

(10)

where y is a constant to be determined by the matching
with the value of ¢ as { — co.

¢ ~ —ycosa,

3.4. Conditions as { - oo

The far-field boundary conditions as { — oo can be
obtained by matching the corner layer to the bound-
ary layer. Considering the results for the rectangular
corner [10], the following formal asymptotic expan-
sions are seen to be adequate for the present problem
[4,6,11):
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u~um+u M+
Q~1QymM+Q(m+ -
¢~ do(m+o.(m/T+ -
U~ em+d M+
0~ 8o(m)+0,(m/C+--- (1)

Substituting equations (11) into equations (7) and
solving the resulting equation up to the second order,
we obtain the appropriate matching conditions for
the corner layer variables

u~5f'(n)

Q ~ {f"(n)/cosa+3f'(n) tana+y (n)/cos® a
¢ ~4f(n)cosa

Y~ {f'(n)cosa+y,(n)

6~ t(n).

Here f(n) and t(n) are the well-known solutions for

(12)

-— symmetry plane " ¥

(a)

¢/cosa

FIG. 4. Magnitudes and directions of crossflow for a. = 90°
and 270°: (a) Pr=0.733; (b) Pr = 6.7.
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le—symmetry plane ¥

{/cosa

FI1G. 4—Continued.

the natural convection flow on a semi-infinite vertical
flat plate with uniform surface heat flux, i.e.

[ +4f () [ () cos® a—3[f" ()]’ cos’ «
+t(n)cos’a =0
t"(n) + Preos® a4 f(m)t'(n) =1 (mt(m)] = 0
f(0)=/7(0)=0, 1(0)
= —cosa and f'(ow) =1(w0)=0 (13)
and the equation for () is given by
Win)cos® a+a £y (n) +f (MY () = Jm h(£) dg

(@ =0, ¥ (0)=0 (14)
where

h(&) = 41" (f=Ef)+9(f) +&t'[2—1/2] sin 20

The value of y in equation (10) can now be determined

M. H. KM et al.

59

44 s Kim & Kim{10)

254

24 o Kim & Kim (10)

(b) T T T 1
0 15 3 4.5 6 7.5

F1G. 5. Crossflow profiles in the symmetry plane for various
corner angles: (a) Pr =0.733; (b) Pr=6.7.

by requiring that ¢ of equation (10) be equal to that
of equation (12) asn —» o

y = lim [=4f ()],

4, METHOD OF SOLUTION

The corner layer problem described in the previous
section is to be solved in the infinite region 0 < 7,
{ < . As seen from equations (12), corner layer vari-
ables Q and ¥ become unbounded as { - . For
computational purposes, it is convenient to introduce
new variables Q and ¢ instead of Q and ¢

Q=Q-(f"(n/cosa, ¥ =y—{f"(n)cosa (15)

and transform the infinite region 0 < 5, { < w into a
finite computational domain 0 < N, S < 1 [12]

an SaC

N= =
1+an’ 1+af

(16)
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where a is a grid-spacing parameter. Transformation
(16) is expected to give the improved accuracy of the
numerical solution since grid points are concentrated
near the corner region where large gradients are
expected.

The corner layer equations and the boundary con-
ditions are rewritten in terms of the new defined vari-
ables and are solved by the alternate direction implicit
(ADI) scheme used in refs. [9-11].

5. RESULTS AND DISCUSSION

Numerical results are obtained for five corner
angles ranging from 90° to 270° for two different
Prandtl numbers, 0.733 and 6.7. In order to assess the
accuracy of the numerical procedures, including the
effect of the obliqueness of the coordinate system, the
results for the rectangular corner are compared with
those of Kim and Kim [10]. Both results show satis-
factory agreement.

Figure 2 illustrates the streamwise isovels for
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o, = 90" and o, = 270°. The general trends are much
the same as those for isothermal wall conditions [11].
For a 90" corner (generally for corner angles
o. < 180°), closed contours of streamwise isovels
appear in the vicinity of the symmetry plane near
the corner. The maximum value of u occurs on the
symmetry plane and is greater than that of the asymp-
totic two-dimensional value as { — c0. On the other
hand, for a 270 corner (for corner angles o, > 180°),
the maximum value of the streamwise velocity is
smaller than the corresponding two-dimensional one
and no closed contour appears. The thickness of the
velocity boundary layer for o, < 180° (x> 180%)
attains its maximum (minimum) at the symmetry
plane and becomes thinner (thicker) as { increases and
ultimately approaches its asymptotic two-dimensional
value. In Fig. 3, the streamwise velocity profiles in the
symmetry plane are shown for various corner angles.
The velocity boundary layer thickness as measured in
the symmetry plane and the maximum value of u
increase as the corner angle is decreased. As compared

8 Kim & Kim (10)

a,=270°

(a)

6=0.05
0.2
0.5

8, increasing

9, increasing

1 1

o

1
45 6

1.5 3
tfcosa

Fi16G. 6. Isotherms for a, = 90° and 270°: (a) Pr = 0.733; (b) Pr = 6.7.
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e Kim & Kim{10}

(b)

6=0.05
0.2

8, increasing

6, increasing

1 i 1 i
1.5 3 45 6 7.5
{fcosa

F1G. 6—Continued.

with the isothermal case, for isoflux walls the
maximum streamwise velocity in the symmetry plane
is larger for o, < 180° and smaller for o, > 180°.

Figure 4 depicts the isolines of the scaled magnitude
r and the direction of the crossflow for o, = 90° and
a. = 270°. The crossflow patterns are similar to those
for isothermal walls: for a. = 90° (generally for
a. < 180°), the crossflow is converging almost radially
towards the corner, while for «, = 270° (generally for
a. > 180°) the fluid in the vicinity of the symmetry
plane approaches the corner and the fluid near the
wall diverges outwards. Profiles of crossflow velocity
vin the symmetry plane are shown in Fig. 5 for various
corner angles. For a, < 180°, near the corner the mag-
nitude as well as the rate of change of crossflow is
larger than that for the isothermal case. Taking into
consideration the equation of continuity, this
behavior of crossflow distributions results in a larger
variation of streamwise velocity distributions than
that for uniform temperature walls.

The isothermal lines for a, = 90° and 270° are
depicted in Fig. 6. The surface temperature for
a. < 180° has a maximum value at the corner and
decreases monotonically to its asymptotic two-dimen-

sional value as the distance from the vertex increases,

and vice versa for a, > 180°. Figure 7 shows the tem-
perature profiles in the symmetry plane for various
corner angles. It is observed that the maximum tem-
perature in the symmetry plane is larger for smaller
corner angles and decreases rapidly as «, increases,
and that the thickness of the thermal boundary layer
as measured in the symmetry plane decreases as the
corner angle increases. As compared with the iso-
thermal case, the temperature gradient in the sym-
metry plane in larger (smaller) for the isoflux case
when a, < 180° (x, > 180°).

Figure 8 illustrates the local Nusselt number Nu

defined by
' 1 [Gr+\'/?
Nu =500 (T)

which shows that Nu is inversely proportional to the
surface temperature 6(0, {). The local Nusselt number
Nu for o, > 180° (a, < 180°) has a larger maximum
(smaller minimum) value at the corner for larger
(smaller) corner angles and monotonically decreases
(increases) to its asymptotic two-dimensional values
as { increases. Comparison of the curves illustrated in
Fig. 8 shows that the smaller corner angle and the

(17
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5=

44 @ Kim &Kim {10)

6 7.5
259
24
2 Kim&Kim(10)
1.54
]
1 a,=90°
135°
180°
225°
(o]
054 270
(b) l\ T T T 1
0 1.5 3 45 6 7.5

n

F1G. 7. Temperature profiles in the symmetry plane for vari-
ous corner angles: (a) Pr = 0.733; (b) Pr = 6.7.

larger Prandtl number result in a more rapid approach
to the two-dimensional value as { increases.

Figure 9 shows the distributions of the local shear
stress given approximately by, neglecting the effect of
the crossflow,

_ 4, (0,0) Tun
= Tcosa £(0)

(18)

where 1, is the correspending asymptotic two-
dimensional value of 7,,

2 *\3/5
L PV Gr
Twao - zlggtw - xz f (0)< 5 ) .

The qualitative behavior of t, with the variation of
the corner angle is the same as that for isothermal
wall conditions : for a, < 180°, 1,, is zero at the corner
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4_.
3—.
Nu(%fjé
o =270°
24 225°
135°
90°
1_
(a) T T T T 1
0 15 3, 45 6 7.5
757
6 -
4.5
w1
Nu&)5
5 o= 270°
3] 225°
135°
90°
1.5+
(b) T T ; T )
0 1.5 3 ¢ 45 6 7.5

FiG. 8. Local Nusselt number distributions for various corner
angles: (a) Pr=10.733; (b) Pr=6.7.

and attains the maximum value at a certain distance
from the vertex and then decreases to its asymptotic
two-dimensional value as ( increases, and, for
a. > 180°, 7, decreases from a large value at the corner
to its minimum and then increases to the two-dimen-
sional value. The magnitude of overshoot (under-
shoot) becomes larger for greater |[m—a.|.

The results given in Figs. 2-9 indicate that the quali-
tative features of fluid motion and heat transfer near
the corner are entirely different depending on whether
a, > 180° or o, < 180°. As compared with the iso-
thermal case, for a, < 180°, the streamwise velocity
and the wall shear stress distributions near the corner
show greater variations for the isoftux case, since near
the corner the temperature varies more rapidly for the
latter case and the buoyancy force becomes enhanced.
the trend being more pronounced for lower Prandtl
number.
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(a) T T T

[£5]

7.57

¢ 4.5 6 7.5

7.57
6+
45-
[ —9a°
W g ok =90
Tweo ¢ 1359
225°
3~ 270°
1.5
(b) T T T T 1
0 1.5 3, 45 6 7.5

F1G. 9. Local shear stress distributions for various corner angles: (a) Pr = 0.733: (b) Pr = 6.7.
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